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ROhlENCLATUHE 

mean value of the surface temperature c”C], 
amplitude of the rtth harmonic of the surface 
temperature [“Cl ; 
specific heat of the medium [kJ/kg “C] ; 
=(-I)‘*; 
thermal conductivity of the medium at 
temperature A, [kJ/h m “C] ; 
thermal conductivity of the medium per unit 
temperature [kJ/h m “C*] ; 
number of harmonics; 
real part of the quantity; 
temperature of the medium [“Cl ; 
time [Ii]; 
vertical axis. 

Greek symbols 

P. density of the medium [kg/m”] ; 
w. Znlperiod [Ii- ‘I; 
H~YA, = [TW-A,] PC]; 

%. absorption coefficient of the surface; 

u. 

C. 

6”. 

long wave emissivity of the surface; 
phase factor of /ith harmonic of the surface 
temperature, Radian. 

INTRODUCTION 

THE USI‘AL analyses [l-7] of periodic heat transfer are 
based on the assumption that the thermal conductivity of 
the medium is independent of temperature. In many cases 
of interest (e.g. some insulators [IO] and materials with 
moisture [I I]) this assumption is not valid. 

In the present communication the authors have analysed 
the effect of temperature dependence of thermal con- 
ductivity on the temperature distribution with time and 
depth in a semi-infinite medium whose surface undergoes 
periodic variation of temperature. A linear temperature 
dependence of the thermal conductivity valid for most of 
materials of interest in a limited range of temperature has 
been assumed. 

A periodic Fourier series solution of the one dimensional 
heat conduction equation satisfying the appropriate bound- 
ary conditions has been obtained in the perturbation 

approximation and an explicit expression for the tempera- 
ture as a function of depth and time has been derived. 

Daily and annual variation of temperature in ground at 
Kuwait has been numerically evaluated assuming the 
surface temperature to be equal to solair temperature. 

ANALYSIS 

We consider the temperature distribution T(x,t) in a 
semi-infinite medium extending to infinity in the X- 
direction. The temperature at the surface x = 0 is assumed 
to be periodic and can be expanded in the form of a Fourier 
series as 

T(x = 0) = A,+Re f n,,exp(inez). 
,I= 1 

(1) 

where a, = A, exp( - ia,); A, and 0, are the amplitude and 
phase factor respectively of the nth harmonic of the surface 
temperature. 

The temperature distribution in the medium is governed 
by the one dimensional heat conduction equation [6] 

(2) 

where 

O(.Y, t) = Tlx. I)- A,,, 

and K is the thermal conductivity of the medium given by 

K = K,+K,H. (3) 

Substituting for K from equation (3) in equation (2) one 
obtains 

To solve this equation we make use of the following 
appropriate boundary conditions: 

0(x = 0) = T(x =0)-A, = Re i a,exp(inwt), (IA) 
n= I 

and H(x- co) is finite when K,/K, c< I, the solution of 
equation (4) may, using the perturbation technique and the 
given boundary conditions, be written as 

0(x, t) = Re 5 cr,exp( -fl.x)exp(inclH) + $ Fix. t). 
n= I 0 

where 
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+ ~~~~~[exp(-B,x)-exp(-2/1,x)] 
i 1 2 

m %4+2ml+/c+2)2 +I--- 
m=, r(P,+P:+2Y-P:1 

iexp(-B,x)-exp[-(B,+8:,, )xlij exp(i2rrjt) 

+ [iE+P2)2-/z] ( 
a1az(B1+P2)2 (exp(-B,x)-exp[-(B1+a2).~]) 

n ama:+, 
+C m=, [(B+~~~~{exp(-8,x)-cxp[-(B.+lll,,)XI}‘)exp(i3(uf) 

m 

+ higher harmonics 1 
J 

I)ISCUSSION OF RESULTS 

The first term on the right hand side of equation (5) 

represents dilferent harmonics. which propagate linearly, 

independent of each other. The second term. however 
represents the interaction of dilferent harmonics; the terms. 
representing a given harmonic are dependent on the other 

harmonics. Specifically the amplitude and phase of a given 
harmonic at a point is a function. not alone of the 
amplitude and phase of that harmonic at x = 0 but also of 

the amplitude and phase of other harmonics at x = 0. This 
mixing of harmonics is not unique to the present case but is 

a characteristic feature of wave propagation iii nonlinear 
media; the generation of harmonics of electromagnetic 

waves in nonlinear plasmas and semiconductors is very 
similar to that in the present case [Xl. Thus it is seen that 

on account of the temperature dependent thermal activity 
the temperature distribution is shifted by an amount 

(K,/K,)F(x,tl from the solution corresponding to thermal 
conductivity (K,) at constant surface temperature (d,). 

To have a numerical appreciation of the results. we 
consider the temperature distribution in a semi-infinite 

(thickness much larger than characteristic length m-i) 
ground or insulating material slab, whose horizontal 

surface is exposed to solar radiation and the atmospheric 
air. The surface characteristics have been assumed to 

correspond to absorption coefficient (r,,) of 0.9 for solar 

radiation, long wave emissivity (c) equal to unity and 
convective heat transfer coefficient equal to XI .X kJ/h m2 “C 
(for a wind velocity of 12km/h). The identity of solair 

temperature to the surface temperature is an excellent 
assumption for the annual variation. but not so good for 
the daily variation. This is not too serious because the aim 

of the present analysis is to study the effect of temperature 
dependence of thermal conductivity. The daily variation 
considered here corresponds to 21 March, 1975 in Kuwait 
(for c1c = 0.9 and I: = I .O) while the annual variation is 

based on data averaged over IOyr available from Kuwait 

International Airport records. The Fourier analyses of solair 
temperature for daily and annual variations [9] are giveu iii 
Tables I and 2 respectively Since (iI and u2 are much 

greater than (I~, Q.. etc., we have only considered the first 
two harmonics in our calculations. 
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FIG. I. Calculated daily variation of temperature with time 

for different values of depth. 

The present calculations have been made for a typical 
insulating material having (K,/K,) = 0.0042”C ‘. For 

example for a rigid polyurethane foam [IO] the value of 
(Kill<,) varies from O.OOZ”C~ ’ to 0.004”C~ ‘, depending on 

the density and mode of preparation (here K, refers to 

thermal conductivity at a temperature of -24°C); in the 
low temperature regions (< 0°C) K,/K, is negative and 

has a magnitude of the same order. 111 some other typical 
insulators or materials with moisture [I I] even a higher 

value of (K,/K,) is expected. 
For typical polyurethane foam, from available data of K, 

pandc[lOl 121 

c/ = 8.48m-’ for daily variation 
Q = 0.46m~’ for annual variatiou 

Table I Fourier analysis of daily variation of solar temperature on ground iii Kuwait (2 I March, 197.5) 

II 0 I 2 3 4 5 h 

A,“C 28.5625 23.8535 10.200.5 I .3760 I 4460 0.7940 0.360.5 
cr,, radians 3.4077x 0. I2662 2.78537 4. I 3958 1.44lXI 3.29 172 

Table 2. Fourier analysis of annual variation of solar temperature on ground in Kuwait 

n 0 I 2 3 4 s 6 

A,“C 41 X055 I x.4900 2.2205 2.3973 I .6230 0.7065 0.339x 
(T, radians 3.26334 2.3X67X 2.28844 3.79869 4.60673 3.14154 
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DAILY VARIATION 

FIG. 2. Calculated daily variation of temperature with depth (ax) for difTerent values of time 
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3. Calculated daily variation of the function F(x, f) with time WC at various depths. 

and for Kuwait soil 19) 

d = Ih.23mm’ for daily variation 
c(= &Urn-’ for annual variation 

Figure I shows the daily variation of temperature with 
time (it) for different values of depth (ax) and K,/K,. It is 
seen that as the depth increases the elTect of temperature 
dependence of thermal conductivity becomes increasingly 
significant However. the peak values get reduced with 
increasing CIX. The temperature is in general higher for 
K,/Ko > 0 and lower for K ,/K, i 0 as compared to the 
case when K l/K<o = 0; this is as expected. 

Figure 2 shows the daily variation of temperature with 

depth (G(X) for different values of time (Wt) and K,/K,. For 
cut = rr, the temperature decreases rapidly with increasing 
IYX and then increases but for (or = 0. n/2 and 3rr/2, it first 
increases and then decreases slowly. This is because of 
different phase lags introduced by the various harmonics. 

The eNect of temperature dependence of thermal con- 
ductivity 011 temperature distribution with distance and 
time can further be appreciated with reference to the 
function F(x, t) defined in Section 2 [see equation (6)]. 

Figure 3 shows the daily variation of the function F(x, t) 
with time (wt) at various depths. It is found that F(x, r) is a 
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I OAlLY VARIATION 

FIG. 4. Calculated daily variation of the function F(.Y, t) with depth (a.~) for various values ofut. 

ANNUAL VARIATION 

FIG. 5. Calculated annual variation of the function F(r, t) with time OX at various depths, 

periodic function of time. The magnitude of F&f) 
decreases with the increase of the depth (ax) and F(.u, t) is 
srnootllell~ out at larger depths. This is because the 
amplitudes of various harmonics decay exponentially with 
depth. Consequently for depth greater than KY = 3 only the 
time independent part of the temperature is predominant. 

Figure 4 shows the daily variation of F(s, t) with depth 
(KY) for various values of it. For cut = 0 and n/2 the 
function P(s, t) increases with the increase of CI.Y and far wr 
= R and &r/2, the function F(.u, t) first increases and then 
decreases. This is because of the different phase tag 
introduced in various harmonics. It must be noted here that 
F(r, t) is a decaying periodic function of ax. 

For annual variation (w = 2x/y) the results are similar to 
those obtained for daily variation ; only the coefftcients a, 
[see equation (I)] are different. Figures (4) and (5) present 
the variation of F(.u, t) with depth and time for the annual 
variation of the surface t&nperature. 

CONCLUSION 

The authors have presented an analysis for temperature 
distribution in a semi-infinjte medium, having temperature 
dependent thermal conductivity and periodic surface tem- 
perature. Unlike the case of constant thermal conductivity, 
the propagation of a given harmonic is also affected by the 
amplitude and phase of the other harmonics; this also 
causes the time independent part of the temperature to be a 
function of depth. Since many building materials [IO, t 13 
display a temperature dependent thermal conductivity, a 
nonlinear analysis has thus to be used in evaluation of 
temperature distribution and thermal Rux, to get realistic 
results. 
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FIG. 6. Calculated annual variation of the function F(s, t) with depth r.v for various values of or. 
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